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SPHERICAL ORBIT CLOSURES IN
SIMPLE PROJECTIVE SPACES AND
THEIR NORMALIZATIONS
JACOPO GANDINI
Abstract. Let G be a simply connected semisimple algebraic group over an
algebraically closed field k of characteristic 0 and let V be a rational simple G-
module. If G/H ⊂ P(V ) is a spherical orbit and ifX = G/H is its closure, then
we describe the orbits of X and those of its normalization X˜. If moreover the
wonderful completion of G/H is strict, then we give necessary and sufficient
combinatorial conditions so that the normalization morphism X˜ → X is a
homeomorphism. Such conditions are trivially fulfilled if G is simply laced or
if H is a symmetric subgroup.
Introduction.
Let G be a simply connected semisimple algebraic group over an algebraically
closed field k of characteristic 0; all G-modules considered in the following will be
supposed to be rational. An algebraicG-variety is said to be spherical if it is normal
and if it contains an open B-orbit, where B ⊂ G is a Borel subgroup; a subgroup
H ⊂ G is said to be spherical if the homogeneous space G/H is so: any spherical
variety can thus be regarded as an open embedding of a spherical homogeneous
space, namely its open G-orbit. Important classes of spherical varieties are that of
toric varieties and that of symmetric varieties: toric varieties are those spherical
varieties whose open orbit is an algebraic torus; symmetric varieties are those spher-
ical varieties whose generic stabilizer H is such that Gσ ⊂ H ⊂ NG(G
σ), where
σ : G → G is an algebraic involution and where Gσ is the set of its fixed points.
Other important classes of spherical varieties are that of flag varieties and the more
general one of wonderful varieties: a wonderful variety (of rank r) is a smooth
projective G-variety having an open G-orbit which satisfies following properties:
- the complement of the open G-orbit is the union of r smooth prime divisors
having a non-empty transversal intersection;
- any orbit closure equals the intersection of the prime divisors containing it.
A spherical subgroup H is said to be wonderful if G/H possesses a wonderful
completion (which is unique, if it exists). By [CP] every self-normalizing symmetric
subgroup is wonderful; more generally every self-normalizing spherical subgroup is
wonderful by [Kn3].
However many natural examples of embeddings of a spherical homogeneous space
do not need to be normal. For instance, consider a simple G-module V (in which
case we will call P(V ) a simple projective space) possessing a line [v] fixed by a
spherical subgroup. Then consider the orbit G[v] ⊂ P(V ), which is spherical, and
take its closure X = G[v] ⊂ P(V ), which generally is not normal; denote X˜ its
normalization. The aim of this work is the study of the orbits of compactifications
which arise in such a way, and as well the study of the orbits of their normalizations.
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In [BL] it has been proved that any spherical subgroup which occurs as the
stabilizer of a point in a simple projective space is wonderful. If M is the wonderful
completion of G[v], then the morphism G[v] → X extends to M and thus we get
a morphism M → X˜ → X : examining such morphism we get a description of the
set of orbits of X and of X˜. Moreover this leads to a combinatorial criterion to
establish whether or not two orbits in M map onto the same orbit in X , which in
particular implies that different orbits in X are never G-equivariantly isomorphic.
Our main theorem (Theorem 5.9) is a combinatorial criterion for X˜ → X to be
bijective; this is done under the assumption that M is strict, i.e. that all isotropy
groups ofM are self-normalizing: strict wonderful varieties, introduced in [Pe2], are
those wondeful varieties which can be embedded in a simple projective space; they
form an important class of wonderful varieties which generalize the symmetric ones
of [CP]. The condition of bijectivity involves the double links of the Dynkin diagram
of G and it is trivially fulfilled whenever G is simply laced or M is symmetric; it is
easily read off by the spherical diagram of M , which is a useful tool to represent a
wonderful variety starting from the Dynkin diagram of G. Main examples of strict
wonderful varieties where bijectivity fails arise from the context of wonderful model
varieties introduced in [Lu3]; the general strict case is substantially deduced from
the model case.
A model space for a connected (possibly non-simply connected) semisimple alge-
braic group G′ is a quasi-affine homogeneous space whose coordinate ring contains
every simple G′-module with multiplicity one; model spaces were classified in [Lu3],
where it is introduced the wonderful model variety MmodG′ , whose orbits naturally
parametrize up to isomorphism the model spaces for G′: every orbit of MmodG′ is
of the shape G′/NG′(H), where G
′/H is a model space, and conversely this corre-
spondence gives a bijection up to isomorphism.
In order to illustrate the above mentioned criterion of bijectivity in the case of
a wonderful model variety, let’s set up some further notation. If λ is a dominant
weight (w.r.t. a fixed maximal torus T ⊂ G and a fixed Borel subgroup B ⊃ T ),
define the support of λ as the set
Supp(λ) = {α ∈ S : 〈α∨, λ〉 6= 0},
where S is the set of simple roots w.r.t. T ⊂ B. If Gi ⊂ G is a simple factor of type
B or C, number the associated subset of simple roots Si = {α
i
1, . . . α
i
r(i)} starting
from the extreme of the Dynkin diagram of Gi which contains the double link;
define moreover Seveni , S
odd
i ⊂ Si as the subsets whose element index is respectively
even and odd. If they are defined, set
ei(λ) = min{k 6 r(i) : α
i
k ∈ Supp(λ) ∩ S
even
i }
oi(λ) = min{k 6 r(i) : α
i
k ∈ Supp(λ) ∩ S
odd
i }
or set ei(λ) = +∞ (resp. oi(λ) = +∞) otherwise. Finally, if Gi is of type F4,
number the simple roots in Si = {α
i
1, α
i
2, α
i
3, α
i
4} starting from the extreme of the
Dynkin diagram which contains a long root.
Theorem (see Thm. 5.9). Suppose that G[v] ⊂ P(V ) is the open orbit of a won-
derful model variety MmodG′ , where G
′ is isogenous with G; denote λ the highest
weight of V and set X = G[v]. Then the normalization X˜ → X is bijective if and
only if the following conditions are fulfilled, for every connected component Si ⊂ S:
i) If Si is of type B, then either α
i
1 ∈ Supp(λ) or Supp(λ) ∩ S
even
i = ∅;
ii) If Si is of type C, then oi(λ) > ei(λ) − 1;
iii) If Si is of type F4 and α
i
2 ∈ Supp(λ), then α
i
3 ∈ Supp(λ) as well.
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When the generic stabilizer H is a self-normalizing symmetric subgroup, com-
pactifications in simple projective spaces were studied in [Ma]. Under this assump-
tion, an explicit description of the orbits of X was given and it was proved that
these orbits are equal to those of the normalization ofX . Thus our results generalize
those contained in [Ma].
In the case of a compactification of the adjoint group Gad (regarded as a G×G-
symmetric variety) obtained as the closure of the orbit of the line generated by
the identity in a projective space P(End(V )) (where V is a simple G-module), a
complete classification of the normality and of the smoothness has been given in
[BGMR].
The paper is organized as follows. In section 1, we set notations and prelimi-
naries; in section 2 we give some general results about spherical orbit closures in
projective spaces; in section 3 we recall some results from [BL] about stabilizers
of points in simple projective spaces. In section 4, we describe the orbits of the
compactifications X and X˜ ; in section 5, we prove the criterion of bijectivity of the
normalization map in the strict case; in section 6, we briefly consider the non-strict
case giving some sufficient conditions of bijectivity and non-bijectivity of the nor-
malization map.
Aknowledgements. I want to thank A. Maffei, who proposed me the problem,
for all his precious help, and P. Bravi for many useful discussions on the subject.
As well, I want to thank the referees for their careful reading and useful comments.
Spherical diagrams have been made with the package lunadiagrams, made by P.
Bravi and available at http://www.mat.uniroma1.it/∼bravi/lunadiagrams.
1. Preliminaries.
Fix a Borel subgroup B ⊂ G and a maximal torus T ⊂ B; denote Φ the corre-
sponding root system and S ⊂ Φ the corresponding set of simple roots. If H ⊂ G is
any subgroup, denote X (H) its character group; if V is a G-module, denote V (H)
the set of H-eigenvectors of V and, if χ ∈ X (H), denote V
(H)
χ the subset of V (H)
where H acts by χ. If λ ∈ X (B) is a dominant weight, we will denote Vλ the
simple G-module with highest weight λ. If Λ is a lattice (i.e. a finitely generated
free Z-module), then Λ∨ = HomZ(Λ,Z) denotes the dual lattice and ΛQ = Λ ⊗Q
denotes the rational vector space generated by Λ. If C is a cone contained in some
vector space V , then C∨ denotes the dual cone in the dual vector space V ∗.
Let X be a spherical G-variety and fix a base point x0 ∈ X in such a way that
Bx0 ⊂ X is an open subset; denote H = Stab(x0). Let’s introduce some data
associated to X :
(1) ΛX = {B-weights of rational B-eigenfunctions in k(X)} ≃ k(X)
(B)/k∗.
(2) ∆(X) = {B-stable prime divisors in X which are not G-stable}, its elements
are called the colors of X . If Y ⊂ X is an orbit, then ∆Y (X) denotes the
set of colors which contain Y .
(3) If ν : k(X)∗ → Q is a rational discrete valuation of k(X), then ν defines an
element ρX(ν) ∈ (Λ
∨
X)Q by
〈ρX(ν), χ〉 = ν(fχ),
where fχ ∈ k(X)
(B) is any B-semiinvariant function of weight χ: since X
possesses an open B-orbit, such definition does not depend on the function,
but only on the weight. If D ∈ ∆(X), by abuse of notation we will denote
ρX(D) = ρX(νD) the image of the respective valuation νD.
A rational discrete valuation ν is said G-invariant if ν(gf) = ν(f), for
any f ∈ k(X) and for any g ∈ G; set VX the set of G-invariant rational
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valuations of k(X). The map ρX : VX → (Λ
∨
X)Q identifies VX with a convex
cone which generates (Λ∨X)Q as a vector space [BP, Cor. 4.1]; together with
such embedding, VX is called the G-invariant valuation cone of X .
Both ΛX and ∆(X), as well as the map ρX , depend only on the open orbit
G/H ⊂ X and they are the main objects of the Luna-Vust Theory (see [Kn1]),
which classifies normal equivariant embeddings of a given spherical homogeneous
space. A spherical variety is said to be simple if it possesses only one closed orbit;
it is said to be toroidal if no color contains a closed orbit. If a spherical homoge-
neous space G/H possesses a complete, simple and toroidal embedding, then this
is uniquely determined and it is called the canonical embedding of G/H ; we will
denote it M(G/H) and it dominates any simple complete embedding of G/H . In
general, a canonical embedding of G/H exists if and only if the index of H in its
normalizer is finite, in which case H is said to be sober.
If X is a simple spherical variety with complete closed orbit Y , then the Picard
group Pic(X) is freely generated by the classes [D], with D ∈ ∆(X) r ∆Y (X);
moreover, a divisor is generated by global sections (resp. ample) if and only if it is
equivalent to a linear combination of such colors with non-negative (resp. positive)
coefficients [Bri1, Prop. 2.6 and Thm. 2.6].
Wonderful varieties are always spherical (see [Lu1]) and a spherical variety is
wonderful if and only if it is complete, toroidal, simple and smooth. A spherical
subgroup which appears as the generic stabilizer of a wonderful variety is said
wonderful.
If H is a spherical subgroup, then the normalizer NG(H) acts on the right on
G/H by n · gH = gn−1H . Consider the induced action of NG(H) on ∆(G/H): the
kernel of such action is called the spherical closure of H ; if H coincides with its
spherical closure, then it is called spherically closed. Spherically closed subgroups
are always wonderful [Kn3, Cor. 7.6]; a wonderful variety is said to be spherically
closed if its generic stabilizer is so.
Suppose now M is a wonderful variety with open B-orbit Bx0 and set H =
Stab(x0); suppose moreover that the center of G acts trivially on M . Denote ∆
the set of colors and Y ⊂ M the closed orbit; denote z ∈ Y B
−
the B−-fixed point
(where B− denotes the opposite Borel subgroup of B with respect to T ). Since G
is semisimple and simply connected, Pic(Y ) is identified with a sublattice of X (B),
while Pic(G/H) is identified with X (H): if L ∈ Pic(Y ), then L will be identified
with the character of B− acting on the fiber of L over z, while if L ∈ Pic(G/H),
then L will be identified with the character of H acting on the fiber over eH .
Let’s introduce some more data attached to a wonderful variety M , together
with some results which can be found with more details and references in [Lu2] and
in [BL].
(4) Σ = {T -weights of the T -module TzM/TzY }; its elements are called the
spherical roots of M . Spherical roots form a basis of the lattice ΛG/H ;
they also coincide with the minimal set of generators of the free semigroup
ΛG/H ∩ −V
∨
G/H . The cardinality of Σ coincides with the rank of M , i.e.
with the number of G-stable prime divisors of M , which are naturally in
correspondence with spherical roots. If σ ∈ Σ, denote Mσ the correspond-
ing G-stable prime divisor: it is a wonderful G-subvariety whose set of
spherical roots is Σ r {σ}. Spherical roots are either positive roots or a
sum of two positive roots; the support of a spherical root σ is the set of
simple roots where σ is supported.
(5) The Cartan pairing of M is the natural pairing c : ∆ × Σ → Z between
colors and spherical roots defined by the equality [Mσ] =
∑
D∈∆ c(D, σ)[D]
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in the Picard group Pic(M) = Z∆. If D ∈ ∆ and σ ∈ Σ, then c(D, σ) =
〈ρG/H(D), σ〉.
(6) ∆(α) = {D ∈ ∆ : PαD 6= D} is the set of colors moved by α, where α ∈ S
and where Pα ⊃ B is the minimal parabolic subgroup associated to α. For
every α ∈ S it holds 0 6 card∆(α) 6 2.
(7) Sp = {α ∈ S : ∆(α) = ∅}; it coincides with the set of simple roots associ-
ated to the stabilizer of the open B-orbit, which is a parabolic subgroup. As
well, Sp coincides with the set of simple roots associated with the stabilizer
of the B−-fixed point z in the closed orbit Y .
(8) Sa = {α ∈ S : card∆(α) = 2} = S ∩Σ is the set of simple spherical roots;
correspondingly, set A =
⋃
Sa ∆(α) the set of colors of type a. If α ∈ S
a,
set ∆(α) = {D+α , D
−
α }; then for every spherical root σ it holds
c(D+α , σ) + c(D
−
α , σ) = 〈α
∨, σ〉.
(9) S2a = {α ∈ S : 2α ∈ Σ}; correspondingly, set ∆2a =
⋃
S2a ∆(α) the set of
colors of type 2a. If α ∈ S2a, set ∆(α) = {Dα}; then for every spherical
root σ it holds
c(Dα, σ) = 〈α
∨, σ〉/2.
(10) Sb = S r (Sp ∪ Sa ∪ S2a); correspondingly, set ∆b =
⋃
Sb ∆(α) the set of
colors of type b. If α ∈ Sb, set ∆(α) = {Dα}; then for every spherical root
σ it holds
c(Dα, σ) = 〈α
∨, σ〉.
(11) S = (Σ, Sp,A) is the spherical system of M , where A has to be thought
of as an abstract set together with the pairing c : A× Σ→ Z. This is the
combinatorial datum which expresses a wonderful variety: each wonderful
variety is uniquely determined by its spherical system (see [Lo]). There is
also an abstract combinatorial definition of spherical system (see [Lu2] or
[BL]), introduced in order to obtain the classification of wonderful varieties
(Luna’s conjecture): the geometrical realizability of spherical systems has
been checked in many cases (see [Bra1], [BC], [BPe1], [BPe2], [Lu2], [Pe1])
and recently a general proof which avoids a case-by-case approach has been
proposed in [Cu]. A very useful tool to represent spherical systems are
spherical diagrams, obtained adding information to the Dynkin diagram of
Φ (see [BL]).
(12) Denote ω : Pic(M) → X (B) and ψ : Pic(M) → X (H) the restrictions to
the closed and to the open orbit; then we get a commutative diagram
Pic(M)
ψ
//
ω

X (H)

X (B) // X (B ∩H)
which identifies Pic(M) with the fiber product [Bri3, Prop. 2.2.1]
X (B) ×X (B∩H) X (H) =
{
(λ, χ) ∈ X (B) ×X (H) : λ
∣∣
B∩H
= χ
∣∣
B∩H
}
.
On the combinatorial level, the map ω is described on colors as follows ([Fo,
Thm. 2.2]):
ω(D) =
{ ∑
D∈∆(α) ωα if D ∈ A ∪∆
b
2ωα if D = Dα ∈ ∆
2a
where ωα is the fundamental dominant weight associated to α ∈ S.
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(13) If Σ′ ⊂ Σ is a subset of spherical roots, then the localization at Σ′ of M is
the G-stable subvariety
MΣ′ =
⋂
σ∈ΣrΣ′
Mσ :
it is a wonderful variety whose spherical system is S ′ = (Σ′, Sp,A′), where
A′ =
⋃
α∈S∩Σ′ ∆(α). Denote ∆
′ the set of colors of MΣ′ ; if α ∈ S ∩ Σ
′
and β ∈ S r (Σ′ ∪ Sp) set ∆′(α) = { ′D+α ,
′D−α } and ∆
′(β) = {D′β}. Let
q : Pic(M) → Pic(MΣ′) be the pullback map; then ω factors through
Pic(MΣ′) and by its combinatorial description it follows that:
- if α ∈ S ∩Σ′ then q(D+α ) (resp. q(D
−
α )) is supported on
′D+α (resp. on
′D−α ) with multiplicity one, while it is not supported on
′D−α (resp. on
′D+α );
- if α ∈ S ∩ (ΣrΣ′) then q(D+α ) and q(D
−
α ) are supported on D
′
α with
multiplicity one;
- if α ∈ S ∩ 12Σ
′, then q(Dα) = D
′
α;
- if α ∈ S ∩ 12 (Σr Σ
′), then q(Dα) = 2D
′
α;
- if α ∈ Sb, then q(Dα) is supported on D
′
α with multiplicity one and
on at most one more color.
(14) M is said to be strict if the stabilizer of any point is self-normalizing;
equivalently, we will say also that H is strict. A wonderful variety is strict
if and only if it can be embedded in a simple projective space (see [Pe2]).
(15) Consider the following sets of spherical roots
ΣDℓ =
{
σ ∈ Σr S :
there exists a rank one wonderful variety
whose spherical system is (2σ, Sp,∅)
}
,
ΣSℓ =
{
σ ∈ S ∩ Σ : c(D+α , σ) = c(D
−
α , σ) ∀σ ∈ Σ
}
;
set Σℓ = Σ
D
ℓ ∪ Σ
S
ℓ the set of loose spherical roots. Loose spherical roots
of the first kind are easily described, they are those of the following types
(where S = {α1, . . . , αn} and simple roots are labelled as in Bourbaki):
- spherical roots σ = αi+1+ . . .+αi+r with support of type Br and with
αi+r ∈ S
p;
- spherical roots σ = 2αi+1 + αi+2 with support of type G2.
For every σ ∈ Σℓ, it is defined a G-equivariant automorphism γ(σ) ∈
AutG(M) of order 2 which fixes pointwise the G-stable divisor M
σ as-
sociated to σ. If σ ∈ ΣDℓ , then γ(σ) acts trivially on ∆, while if σ ∈ Σ
S
ℓ ,
then γ(σ) exchanges D+σ and D
−
σ and acts trivially on ∆ r ∆(σ). Such
automorphisms commute and generate AutG(M) (see [Lo]).
By the natural identification AutG(M) = NG(H)/H , it follows that
– H is self-normalizing if and only if Σℓ = ∅;
– H is spherically closed if and only if ΣDℓ = ∅;
– H is strict if and only if S ∩ Σ = ∅ and Σℓ = ∅.
In particular, if S ∩ Σ = ∅, then H is self-normalizing if and only if it is
spherically closed if and only if it is strict.
(16) Σ(G) denotes the set of the spherical roots of G: its elements are the
spherical roots of all possible rank one G-wonderful varieties. Following
the classification of the latter (see [Ak]), such set is classified for any G (see
[Lu2] and [BL]).
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2. Projective varieties with an open B-orbit.
Let V be a G-module and let X ⊂ P(V ) be a projective variety with an open
B-orbit; denote G/H →֒ X the open orbit. Since X contains finitely many B-
orbits [Kn2, Cor. 2.6], every G-orbit in X is spherical. Let p : X˜ → X be the
normalization; then X˜ is a complete spherical variety with the same open orbit of
X whose orbits are naturally in bijection with those of X :
Proposition 2.1 ([Ti] Prop. 1). The normalization morphism p : X˜ → X induces
a bijection between G-orbits.
If Z ⊂ X is an orbit, set Z ′ = p−1(Z) ⊂ X˜ the corresponding orbit. Denote
ZB ⊂ Z and Z
′
B ⊂ Z
′ the open B-orbits; fix base points z0 ∈ ZB and z
′
0 ∈ Z
′
B so
that we have isomorphisms
Z ′ ≃ G/K ′, Z ≃ G/K
with K ′ ⊂ K. Let’s recall a result which will be useful in the following:
Theorem 2.2 ([BP] Prop 5.1 and Cor. 5.2). Let H be a spherical subgroup of G.
i) The algebraic group NG(H)/H is diagonalizable; moreover, if H
0 is the
identity component of H, then NG(H) = NG(H
0).
ii) If B is any Borel subgroup such that BH is open in G, then NG(H) equals
the right stabilizer of BH.
Combing back to our situation, then we obtain:
Corollary 2.3. K ′ ⊂ K is a normal subgroup with finite index; in particular K/K ′
is a finite diagonalizable group.
Proof. Since p is a finite morphism, it preserves dimensions of orbits: so we have
dim(K ′) = dim(K). Then K ′ ⊂ K implies (K ′)0 = K0 and we obtain
NG(K
′) = NG((K
′)0) = NG(K
0) = NG(K).
This shows
(K ′)0 = K0 ⊂ K ′ ⊂ K ⊂ NG(K) = NG(K
′)
and the claim follows. 
Lemma 2.4. Let K ′ ⊂ K be two spherical subgroups of G with K ′ normal in K;
fix a Borel subgroup B such that BK ′ is open in G and consider the projection
π : G/K ′ → G/K. Then π−1(BK/K) = BK ′/K ′ and π∗ : ΛG/K → ΛG/K′
identifies ΛG/K with a sublattice of ΛG/K′ such that
ΛG/K′
/
ΛG/K
≃ X
(
K
/
K ′
)
.
Proof. First claim follows by the equality BK ′ = BK, which stems immediately
from Theorem 2.2 ii).
If B′ ⊂ B, denote X (B)B
′
the kernel of the restriction X (B) → X (B′), which
is surjective by the following argument: if U ⊂ B is the unipotent radical, then
X (B) = X (B/U) and X (B′) = X (B′/B′ ∩ U) and the restriction X (B/U) →
X (B′/B′ ∩U) is surjective since B′/B′ ∩U ⊂ B/U is a diagonalizable subgroup of
the torus B/U .
By definition, we have isomorphisms ΛG/K ≃ X (B)
B∩K and ΛG/K′ ≃ X (B)
B∩K′ ;
thus the restriction gives a surjective homomorphism
ΛG/K′ → X (B ∩K)
B∩K′ = X
(
B ∩K
/
B ∩K ′
)
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whose kernel is ΛG/K . On the other hand BK/K ≃ B/(B ∩ K) and BK
′/K ′ ≃
B/(B ∩K ′), hence the equality BK ′ = BK implies
B ∩K
/
B ∩K ′ ≃ K
/
K ′.
Therefore we get
ΛG/K′
/
ΛG/K
≃ X
(
B ∩K
/
B ∩K ′
)
≃ X
(
K
/
K ′
)
.

Going back to our situation, since K/K ′ is a finite diagonalizable group, it is
isomorphic to its character group and we get the following corollary.
Corollary 2.5. Let G/K ≃ Z ⊂ X be an orbit and let G/K ′ ≃ Z ′ = p−1(Z), with
K ′ ⊂ K; then
ΛZ′
/
ΛZ ≃
K
/
K ′.
Fix a closed orbit Y ⊂ X . Since parabolic subgroups are self-normalizing, Y and
p−1(Y ) are isomorphic; from now on, we will denote both of them with the same
letter Y . Let y = [v−] ∈ Y B
−
be the unique fixed point by B− (where v− ∈ V is
a lowest weight vector) and let η ∈ (V ∗)(B) be a highest weight vector such that
〈η, v−〉 = 1. If P is the stabilizer of [η], then P and Stab(y) are opposite parabolic
subgroups; denote L = P ∩ Stab(y) the associated Levi subgroup.
Consider the affine P -stable open subset X0 = X ∩ P(V )η defined by the non-
vanishing of η and recall that there exists an affine closed L-stable subvariety SX ⊂
X0 containing y and possessing an open (B ∩L)-orbit such that the multiplication
morphism
Pu × SX −→ X0
(g, s) 7−→ gs,
(where Pu denotes the unipotent radical of P ) is a P -equivariant isomorphism
[BLV, Prop. 1.2]. Since k[SX//L] = k[SX ]
L = k, we get that SX possesses a
unique closed L-orbit, namely the fixed point y.
If D ∈ ∆(G/H), denote D and D˜ its closure respectively in X and in X˜.
Lemma 2.6. Let D ∈ ∆(G/H), let Z ⊂ X be an orbit and set Z ′ = p−1(Z). Then
D ⊃ Z if and only if D˜ ⊃ Z ′.
Proof. By Lemma 2.4, p−1(ZB) = Z
′
B is the open B-orbit of Z
′. Suppose that
D ⊃ Z and fix z0 ∈ ZB; if z
′
0 ∈ p
−1(z0)∩ D˜, then we obtain Z
′
B = Bz
′
0 ⊂ D˜, which
implies Z ′ ⊂ D˜. Suppose conversely that D˜ ⊃ Z ′: thenD = p(D˜) ⊃ p(Z ′) = Z. 
Lemma 2.7. Let D ∈ ∆(G/H); then D ⊃ Y if and only if η
∣∣
D
6= 0.
Proof. Notice that PD is closed and that it contains Y if and only if D contains
Y . If η
∣∣
D
6= 0, then D ∩X0 6= ∅, thus PD ∩ SX is non-empty, L-stable and closed
in SX : hence y ∈ PD ∩ SX , which implies that YB = By ⊂ PD. If conversely
η
∣∣
D
= 0, then D ⊂ P(ker(η)) and we get D 6⊃ Y . 
Remark 2.8. Combining previous lemmas it follows that the set of colors ∆Y (X˜) ⊂
∆(G/H) whose closure in X˜ contains the closed orbit Y is
∆Y (X) =
{
D ∈ ∆(G/H) : η
∣∣
D
6= 0
}
.
If X possesses a unique closed orbit Y , then previous lemmas allow us to com-
pute the colored cone of the normal embedding G/H →֒ X˜: this is the couple(
CY (X˜),∆Y (X˜)
)
, where CY (X˜) ⊂ (Λ
∨
G/H)Q is the cone generated by the elements
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ρX˜(D), where D ⊂ X˜ is any B-stable (possibly G-stable) prime divisor which con-
tains Y (see [Kn1]). In fact, since X˜ is simple and complete, then CY (X˜) contains
the G-invariant valuation cone VG/H ([Kn1, Thm. 5.2]): therefore CY (X˜) is the
cone generated by VG/H together with ρX(∆Y (X)).
Let Z ⊂ X be an orbit. Set Z0 = Z ∩P(V )η, X˜0 = p
−1(X0) and Z
′
0 = p
−1(Z0);
then Z0 = X0 ∩ Z and Z
′
0 = X˜0 ∩ Z
′. Considering the rings of functions, we get a
commutative diagram
k[X0]


//


k[X˜0]


k[Z0]


// k[Z ′0]
Theorem 2.9 ([Kn1] Thm. 2.3). Every B-semiinvariant function f ∈ k[Z0]
(B)
(resp. f ∈ k[Z ′0]
(B)) can be extended to a B-semiinvariant function f ′ ∈ k[X0]
(B)
(resp. f ′ ∈ k[X˜0]
(B)).
If Λ is a finitely generated free Z-module and Γ ⊂ Λ is a submonoid, then the
saturation of Γ in Λ is the submonoid Γ = ΓQ+ ∩ Λ, where ΓQ+ ⊂ ΛQ is the cone
generated by Γ. If Ω ⊂ Λ is a submonoid containing Γ, then we will say that Γ is
saturated in Ω if Γ = ΓQ+ ∩ Ω.
Proposition 2.10. Fix an orbit Z ⊂ X and set Z ′ = p−1(Z).
i) ΛZ′ is the saturation of ΛZ in ΛG/H .
ii) If Z ≃ Z ′, then Z ′ ⊂ X˜ is the normalization of Z ⊂ X.
Proof. Set Ω(X˜) = k[X˜0]
(B)/k∗ and Ω(Z ′) = k[Z ′0]
(B)/k∗; in terms of colored cones,
such monoids are described as follows ([Kn1, Thm. 3.5]):
Ω(X˜) = ΛG/H ∩ C
∨
Y (X˜), Ω(Z
′) = ΛZ′ ∩ C
∨
Y (Z
′).
Since every B-semiinvariant function is uniquely determined by its weight up to a
scalar factor, by previous theorem restriction gives an isomorphism of multiplicative
monoids {
f ∈ k[X˜0]
(B) : f
∣∣
Z′
6≡ 0
}
∼
−→ k[Z ′0]
(B) :
since the first one is saturated in k[X˜0]
(B), we may then identify Ω(Z ′) with a
saturated submonoid of Ω(X˜). Hence we may as well identify ΛZ′ with a sublattice
of ΛG/H : in fact every B-semiinvariant rational function on X˜ (resp. on Z
′) can
be written as a quotient of two B-semiinvariant regular functions on X˜0 (resp. on
Z ′0).
Since X˜ is normal, Ω(X˜) ⊂ ΛG/H is saturated; therefore, being saturated in
Ω(X˜), we see that Ω(Z ′) ⊂ ΛG/H as well is saturated. Since the colored cone
of a spherical variety is strictly convex ([Kn1, Thm. 4.1]), C∨Y (Z
′) ⊂ (ΛZ′)Q has
maximal dimension: thus the equality
ΛZ′ ∩ C
∨
Y (Z
′) = Ω(Z ′) = ΛG/H ∩ C
∨
Y (Z
′)
implies that ΛZ′ ⊂ ΛG/H is a saturated sublattice. Hence by [ΛZ′ : ΛZ ] = [K :
K ′] <∞ we get i).
Finally, ii) stems from the fact that a G-stable subvariety of a spherical variety
is normal [BP, Prop. 3.5] together with the fact that the restriction p : Z ′ → Z is
finite and birational. 
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3. Faithful divisors.
Let V be a simple G-module and suppose G/H ≃ Gx0 ⊂ P(V ) is a spherical
orbit. A necessary and sufficient condition so that a spherical subgroup H arises in
such a way has been given in [BL]:
Proposition 3.1 ([BL] Cor. 2.4.2). A spherical subgroup occurs as the stabilizer
of a point in a simple projective space if and only if it is spherically closed.
LetM be the wonderful completion of G/H : then the embedding G/H →֒ P(V )
extends to a morphism φ : M → P(V ) and it determines a B-stable effective divisor
δ ∈ Pic(M) which is generated by global sections. Conversely, it is possible to start
with an arbitrary spherically closed wonderful variety M together with an effective
B-stable divisor δ generated by global sections and to consider then the associated
morphism φδ : M → P(V ), where V = 〈Gs〉
∗ is the dual of the simple module
generated by the canonical section s ∈ Γ(M,O(δ)). In [BL], there have been given
necessary and sufficient conditions on such a divisor δ so that φδ restricts to an
embedding of the open orbit G/H ; the aim of this subsection is to recall some facts
which lead to such conditions.
Let M be a wonderful variety with base point x0 and set H = Stab(x0). Set
S = (Σ, Sp,A) its spherical system and ∆ = ∆(G/H) its set of colors. Recall that
a subset ∆∗ ⊂ ∆ is said to be distinguished if there exists δ ∈ N>0∆
∗ such that
c(δ, σ) > 0, for every σ ∈ Σ.
If H ′ ⊃ H is a sober subgroup and if φ : G/H → G/H ′ is the projection, then
the subset of colors
∆φ = {D ∈ ∆ : φ(D) = G/H
′}
is distinguished; conversely, if ∆∗ ⊂ ∆ is a distinguished subset, then there exists
a unique wonderful subgroup H ′ ⊃ H with H ′/H connected such that ∆∗ = ∆φ.
This is the content of the following theorem:
Theorem 3.2 ([Kn1] Thm. 5.4, [Lu2] Prop. 3.3.2, [Bra2] Thm. 3.1.1).
There is an inclusion-preserving bijection as follows{
∆∗ ⊂ ∆ distinguished
}
←→
{
H ′ ⊂ G wonderful :
H ⊂ H ′ and H ′/H connected
}
Moreover, if H ′ ⊃ H is a wonderful subgroup with H ′/H connected and if ∆∗ ⊂ ∆
is the corresponding distinguished subset, then
i) the projection G/H → G/H ′ identifies ∆(G/H ′) with ∆r∆∗;
ii) the spherical system of the wonderful completion of G/H ′ is
S /∆∗ =
(
Σ/∆∗, Sp/∆∗,A/∆∗
)
,
defined as follows:
- Σ/∆∗ is the set of indecomposable elements of the free semigroup
NΣ
/
∆∗ = {σ ∈ NΣ : c(D, σ) = 0, ∀D ∈ ∆
∗} ;
- Sp/∆∗ = Sp ∪ {α ∈ S : ∆(α) ⊂ ∆∗};
- A/∆∗ =
⋃
α∈S∩Σ/∆∗ A(α), and the pairing is obtained by restriction.
In the notations of previous theorem, the wonderful completion of G/H ′ is de-
noted M/∆∗ and it is called the quotient wonderful variety of M by ∆∗, while
S /∆∗ is called the quotient spherical system of S by ∆∗.
Remark 3.3. By [Kn1, Lemma 5.3 and Thm. 5.4] together with [Lu2, Lemma 3.3.1],
there is an inclusion-preserving bijection between distinguished subsets ∆∗ ⊂ ∆
and sober subgroups H ′ ⊃ H such that H ′/H is connected. In [Lu2, Cor. 5.6.2]
it was proved that, in case G is of type A, then such a subgroup H ′ is necessarily
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wonderful; although this was claimed in general in [Lu3], a general proof (which
stems from the classification of spherical systems) appeared only recently in [Bra2,
Thm. 3.3.1].
Suppose that H ′ ⊃ H is a sober subgroup such that H ′/H is connected and de-
note ∆∗ ⊂ ∆ the distinguished subset of colors which map dominantly toG/H ′. De-
note G/H ′ →֒ M ′ the canonical embedding and extend the projection φ : G/H →
G/H ′ to a morphism φ : M → M ′; consider ΛG/H′ as a sublattice of ΛG/H . Set
N(∆∗) = Λ⊥G/H′ ⊂ (Λ
∨
G/H)Q: it is a linear subspace which contains ρG/H(∆
∗) and
which intersects the valuation cone VG/H in a face; as a cone, N(∆
∗) is generated
by this face together with ρG/H(∆
∗) [Lu2, Lemma 3.3.1]. While the valuation cone
VG/H′ is the image of VG/H under the quotient map (Λ
∨
G/H)Q → (Λ
∨
G/H′ )Q by
N(∆∗), the lattice ΛG/H′ is identified with a sublattice of ΛG/H as follows
ΛG/H′ = ΛG/H ∩N(∆
∗)⊥
[Kn1, Lemma 5.3 and Thm. 5.4]; as a consequence, ΛG/H′ is saturated in ΛG/H .
If ∆′ is the set of colors of M ′ and if M ′0 = M
′
r
⋃
∆′ D, then φ
−1(M ′0) =
M r
⋃
∆r∆∗ D; since the fibers of φ are complete and connected, it follows that
k[M ′0] = k[φ
−1(M ′0)]. Considering the B-semiinvariant functions, we get then the
identification of semigroups
k[M ′0]
(B)/
k∗ ≃ −NΣ
/
∆∗.
If M ′ is smooth, then such semigroup is free; conversely, given any distinguished
subset ∆∗ ⊂ ∆, the semigroupNΣ
/
∆∗ is free [Bra2, Thm. 3.1.1], which means that
M ′ is necessarily smooth.
Recall the restrictions to the closed and to the open orbit ω : Pic(M) → X (B)
and ψ : Pic(M) → X (H) and let δ =
∑
∆ n(δ,D)D with n(δ,D) > 0 for ev-
ery D ∈ ∆. If s ∈ Γ(M,O(δ)) is the canonical section, then the submodule
〈Gs〉 ⊂ Γ(M,O(δ)) generated by s is identified with the simple module Vω(δ) (which
contains a unique H-invariant line where H acts by ψ(δ)) and we get a morphism
φδ :M → P(V
∗
ω(δ)).
Define the support of δ as
Supp∆(δ) = {D ∈ ∆ : n(δ,D) > 0} .
As a consequence of Theorem 3.2, we get the following corollary.
Corollary 3.4. Let M be a wonderful variety and let δ ∈ N∆ be a divisor generated
by global sections and consider the associated morphism φδ :M → P(V
∗
ω(δ)). Then
the correspondence of Theorem 3.2 gives an inclusion-preserving bijection as follows{
∆∗ ⊂ ∆ distinguished :
∆∗ ∩ Supp∆(δ) = ∅
}
←→


H ′ ⊂ G wonderful :
H ⊂ H ′ ⊂ Stab(φδ(x0))
and H ′/H connected


Proof. Let H ′ ⊃ H be a wonderful subgroup with H ′/H connected and set ∆∗ ⊂ ∆
the corresponding distinguished subset. IfG/H ′ →֒M ′ is the wonderful embedding,
then the projection G/H → G/H ′ extends to a morphism M → M ′ and pullback
identifies Pic(M ′) with the submodule Z[∆r∆∗] ⊂ Z∆ = Pic(M). Thus the map
M → P(V ∗ω(δ)) factors through a map M
′ → P(V ∗ω(δ)) if and only if Supp∆(δ) ⊂
∆r∆∗. 
Definition 3.5 ([BL]). LetM be a spherically closed wonderful variety and denote
∆ its set of colors. A divisor generated by global sections δ =
∑
n(δ,D)D ∈ N∆
is called faithful if it satisfies the following conditions:
12 JACOPO GANDINI
(FD1): Every non-empty distinguished subset of ∆ intersects Supp∆(δ);
(FD2): If α ∈ Σℓ is a loose spherical root, then n(δ,D
+
α ) 6= n(δ,D
−
α ).
Proposition 3.6 ([BL] Prop. 2.4.3). Let M be a spherically closed wonderful
variety and let δ ∈ N∆. Then the morphism φδ : M → P(V
∗
ω(δ)) restricts to an
embedding G/H →֒ P(V ∗ω(δ)) if and only if δ is faithful.
Proof. Fix v0 ∈
(
V ∗ω(δ)
)(H)
−ψ(δ)
a representative of the line φδ(x0) and suppose that
H = Stab[v0]; then previous corollary implies (FD1). Suppose by absurd that
(FD2) fails and let α ∈ Σℓ ⊂ S ∩Σ be a loose spherical root such that n(δ,D
+
α ) =
n(δ,D−α ). If γ(α) ∈ AutG(M) = NG(H)/H is the corresponding automorphism,
then γ(α) exchanges D+α and D
−
α and fixes every other color D ∈ ∆ r ∆(α):
therefore γ(α) fixes δ. The action of AutG(M) on Pic(M) = Z∆ ≃ X (B)×X (B∩H)
X (H) is defined extending by linearity the right action of NG(H)/H on ∆, i.e. by
the action of NG(H) on X (H). Therefore, if g ∈ NG(H) is a representative of γ(α),
then ψ(δ)g = ψ(δ), i.e. g moves the line [v0] in a line where H acts by the same
character: since H is spherical, such a line is unique, thus g ∈ H = Stab[v0] which
is absurd.
Suppose conversely that δ is a faithful divisor. By (FD1) it follows that dimH =
dimStab[v0], therefore by Theorem 2.2 we get H ⊂ Stab[v0] ⊂ NG(H). Suppose by
absurd that there exists g ∈ Stab[v0]rH . Then ψ(δ)
g = ψ(δ) and the equivariant
automorphism corresponding to the coset gH fixes δ: therefore by (FD2) we get
that every color D ∈ Supp∆(δ) is fixed by g. On the other hand, since H is
spherically closed, every element in NG(H)rH acts non-trivially on ∆. Take α ∈ S
such that g moves D ∈ ∆(α), then we get α ∈ Σℓ ⊂ S ∩ Σ and ∆(α) = {D,D · g}:
therefore n(δ,D) = n(δ,D · g) = 0, which contradicts (FD2). 
Corollary 3.7. In the same hypotheses of Corollary 3.4, suppose moreover that
every distinguished subset of ∆ intersects Supp∆(δ) and set
Σ(δ) =
{
α ∈ Σℓ : α 6∈ S or n(δ,D
+
α ) = n(δ,D
−
α )
}
.
Then the spherical system of Stab(φδ(x0)) is S
′ = (Σ′, Sp,A′), where
Σ′ =
(
Σr Σ(δ)
)
∪ 2Σ(δ) and A′ =
⋃
α∈S∩Σ′
A(α).
Proof. For every loose spherical root σ ∈ Σℓ, the quotient M/γ(σ) is easily proved
to be a wonderful variety, whose spherical system is S ∗ = (Σ∗, Sp,A∗), where
Σ∗ = (Σ r {σ}) ∪ {2σ} and where A∗ =
⋃
α∈S∩Σ∗ A(α). If g ∈ NG(H) is a
representative of the coset corresponding to γ(σ), thenM/γ(σ) =M(G/Hσ), where
Hσ is the subgroup generated by H together with g. By the first part of the proof
of previous theorem it follows that Hσ fixes φδ(x0), thus we get a commutative
diagram
M
 ((Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
M
/
γ(σ) // P(V
∗
ω(δ))
Consider now the quotient variety M/Γδ, where Γδ ⊂ AutG(X) is the subgroup
generated by the elements γ(σ), with σ ∈ Σ(δ): then, by previous discussion and
by Proposition 3.6, it follows that M/Γδ is a spherically closed wonderful variety
endowed with a faithful divisor whose associated characters are the same of δ. 
Remark 3.8. In the hypotheses of previous corollary, the assumption that every
distinguished subset of colors intersects Supp∆(δ) (which is equivalent to assume
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that H and Stab((φδ(x0)) have the same dimension) involves no loss of generality:
we can always reduce to that case considering, instead ofM , the quotient wonderful
variety M/∆(δ), where ∆(δ) ⊂ ∆ is the maximal distinguished subset which does
not intersect Supp∆(δ).
4. Orbits in Xδ and in X˜δ.
Let M be a spherically closed wonderful variety with base point x0 and set
H = Stab(x0); set S = (Σ, S
p,A) its spherical system and ∆ = ∆(G/H) its set of
colors. If δ ∈ Pic(M) is a faithful divisor, set V = V ∗ω(δ) and consider the morphism
φδ :M → P(V ). Set Xδ = φδ(M) and set p : X˜δ → Xδ the normalization; then we
get a commutative diagram
M
φδ
&& &&M
M
M
M
M
M
M
M
M
M
M
M
M
φ˜δ
// // X˜δ
p


Xδ ⊂ P(V )
If Y ⊂ Xδ is the closed orbit, then by Lemma 2.6 and Lemma 2.7 we get that
∆Y (Xδ) = ∆Y (X˜δ) is canonically identified with ∆r Supp∆(δ).
If W ⊂M is an orbit, in the following δW ∈ Pic(W ) will denote the pullback of
δ ∈ Pic(M). Notice that if α ∈ S then
Supp∆(δ) ∩∆(α) 6= ∅ ⇐⇒ α 6∈ S
p(Y )
⇐⇒ Supp∆(W )(δW ) ∩∆(W )(α) 6= ∅ ∀W ⊂M
where Sp(Y ) denotes the set of simple roots associated to the closed orbit Y .
If M is strict, then the variety Xδ depends only on the support of δ [BGMR,
Lemma 1]: if δ, δ′ are faithful divisors on M , then
Xδ ≃ Xδ′ ⇐⇒ Supp∆(δ) = Supp∆(δ
′).
As will be shown by Lemma 6.3, this is not true if M is not strict.
Proposition 4.1. Let G/K ≃ Z ⊂ Xδ be an orbit and let G/K
′ ≃ Z ′ = p−1(Z);
let G/KW ≃ W ⊂ M be any orbit which maps on Z and choose the stabilizers so
that KW ⊂ K
′ ⊂ K. Then K ′ is the maximal subgroup such that
KW ⊂ K
′ ⊂ K and K ′/KW is connected.
In particular, Z ≃ Z ′ if and only if K/KW is connected.
Proof. Set K∗ = KWK
0 the maximal subgroup of K containing KW such that
K∗/KW is connected. Since KW ⊂ K
′ and since K0 = (K ′)0, by Theorem 2.2
we get that K∗ ⊂ K ′ is a normal subgroup; thus by Lemma 2.4 it follows that
K∗ = K ′ if and only if ΛG/K∗ = ΛZ′ .
Consider the inclusions ΛZ ⊂ ΛZ′ ⊂ ΛW ⊂ ΛG/H : since ΛW is saturated in
ΛG/H , Proposition 2.10 shows that ΛZ′ is the saturation of ΛZ in ΛW . On the
other hand, by Remark 3.3 it follows that ΛG/K∗ is saturated in ΛW : since [ΛG/K∗ :
ΛZ ] = [K : K
∗] <∞, we get the equality ΛG/K∗ = ΛZ′ . 
Combining previous proposition together with [Bra2, Thm. 3.3.1] and Corollary
3.7 we get the following corollary.
Corollary 4.2. Let G/K ≃ Z ⊂ Xδ be an orbit and let p
−1(Z) ≃ G/K ′ with
K ′ ⊂ K. Then K ′ is a wondwerful subgroup. If moreover M is strict, then K is
the spherical closure of K ′.
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If Z ⊂ Xδ is an orbit and if Z
′ ⊂ X˜δ is the corresponding orbit, denote ΣZ ,ΣZ′ ⊂
NΣ the sets of spherical roots of the respective wonderful completions. By Corollary
3.7 there exists a bijection between ΣZ and ΣZ′ , which associates to γ ∈ ΣZ the
unique γ′ ∈ ΣZ′ which is proportional to γ: more precisely, if γ 6= γ
′, then γ = 2γ′.
Definition 4.3. If σ ∈ Σ(G), then we say that:
- σ is of type BIr if σ = αi+1 + . . .+ αi+r has support of type Br ;
- σ is of type BIIr if σ = 2αi+1 + . . .+ 2αi+r has support of type Br ;
- σ is of type GI2 if σ = 2αi+1 + αi+2 has support of type G2;
- σ is of type GII2 if σ = 4αi+1 + 2αi+2 has support of type G2.
Consider a spherical root σ ∈ Σ(G) such that 2σ ∈ Σ(G): following the explicit
description of Σ(G), such a root either is a simple root, or it is of type BIr or it is of
type GI2. If Z ⊂ Xδ is any orbit and if Z
′ ⊂ X˜δ is the corresponding orbit, define
Σ(δZ′) ⊂ ΣZ′ to be the subset of spherical roots which have to be doubled to get
the spherical roots of Z.
Lemma 4.4. An orbit Z ⊂ Xδ is not isomorphic to its corresponding orbit Z
′ ⊂ X˜δ
if and only if Z possesses a spherical root γ of the shape γ = 2σ1+ . . .+2σk, where
σ1, . . . , σk ∈ Σ are pairwise distinct elements (and where γ
′ = σ1+ . . .+σk ∈ ΣZ′).
Proof. By Corollary 3.7, Z and Z ′ are not isomorphic if and only if Σ(δ′Z) 6= ∅;
suppose γ′ ∈ Σ(δ′Z). By Proposition 4.1 the wonderful completion of Z
′ is the
quotient of a wonderful subvariety M ′ ⊂ M ; therefore we can write γ′ = a1σ1 +
. . .+ akσk, where σ1, . . . , σk are spherical roots of M
′.
Since 2γ′ ∈ Σ(G), by the discussion preceeding the lemma γ′ is either a simple
root, or it is of type BIr or it is of type G
I
2. If γ
′ is a simple root or if it is of
type BIr then it follows immediately that every ai is equal to one. Suppose instead
that γ′ is of type GI2; in order to show the thesis it is enough to consider the case
wherein M ′ is a wonderful variety whose spherical roots are all supported on a
subset S′ = {α1, α2} ⊂ S of type G2. An easy computation shows that, if Σ
′ = S′
and if ∆∗ is any distinguished subset of colors of M ′, then the quotient M ′/∆∗
never possesses 2α1 + α2 as a spherical root. Therefore, if γ
′ = 2α1 + α2, it must
be either Σ′ = {2α1 + α2} or Σ
′ = {α1, α1 + α2} and the claim follows. 
As exemplified in the following sections (Example 5.5 and Example 6.2), Propo-
sition 4.1 together with Corollary 3.7 allow to compute explicitly the set of orbits
of Xδ and that of X˜δ in terms of their spherical systems. This is further simplified
by the following proposition, which shows that, given an orbit Z ⊂ Xδ, there exists
a minimal orbit WZ ⊂M mapping on Z. If γ =
∑
σ∈Σ nσσ ∈ ΣZ , define
SuppΣ(γ) = {σ ∈ Σ : nσ 6= 0}
its support over Σ; define
Σ(Z) =
⋃
γ∈ΣZ
SuppΣ(γ).
Proposition 4.5. Let Z ⊂ Xδ be an orbit and let WZ ⊂M the orbit whose closure
has Σ(Z) as set of spherical roots. Then WZ maps on Z and and every other orbit
which maps on Z contains WZ in its closure.
Proof. LetW ⊂M be an orbit mapping on Z and let ΣW ⊂ Σ be the associated set
of spherical roots. Since φδ(W ) = Z, we get ΣZ ⊂ NΣW ; this shows Σ(Z) ⊂ ΣW ,
i.e. WZ ⊂ W . In order to prove that φδ(WZ) = Z it is enough to notice that
Λφδ(WZ ) = ΛWZ ∩ ΛZ = ΛZ . 
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Remark 4.6. Unlike the symmetric case (see [Ma]), in the general spherical case
there does not need to exist a maximal orbit inM mapping on a fixed orbit Z ⊂ Xδ:
for instance this is shown by Example 5.5 and by Example 6.2.
Since Σ(Z) depends only on ΣZ (or equivalently on ΣZ′), we get the following
corollaries.
Corollary 4.7. Two orbits W1,W2 ⊂M map to the same orbit in Xδ if and only
if
ΣW1
/
∆(δW1)
= ΣW2
/
∆(δW2)
,
where δWi is the pullback of δ to Wi and where ∆(δWi) is the maximal distinguished
subset of colors of Wi not intersecting the support of δWi .
Corollary 4.8. Two orbits in Xδ (resp. in X˜δ) have different sets of spherical
roots; in particular two orbits in Xδ (resp. in X˜δ) are never isomorphic.
Remark 4.9. If S ∩Σ = ∅, then by its combinatorial description it follows that the
restriction map to the closed orbit ω : Pic(M)→ X (B) is injective: this means that
the generic stabilizer H never fixes two different lines in the same simple module.
However, if S ∩ Σ 6= ∅, it could happen that a simple module P(V ) contains two
different orbits both isomorphic to the open orbit G/H : previous corollary shows
then that there does not exist any spherical orbit in P(V ) containing both of them
in its closure. For instance, this occurs in the following example.
Example 4.10. ConsiderM = P1×P1, which is a wonderful variety forG = SL(2),
and fix the base point ([1, 0], [0, 1]) so that the generic stabilizer is the maximal torus
T of diagonal matrices. Consider the simple module V = k[x, y]5 formed by the
homogeneous polynomials of degree 5: then G[x4y] and G[x3y2] are distinct orbits
in P(V ) both isomorphic to the open orbit G/T .
5. Bijectivity in the strict case.
Keeping the notations of previous section, suppose that M is strict. Following
lemma is a stronger version of Lemma 4.4.
Lemma 5.1. Let M be a strict wonderful variety and let δ be a faithful divisor on
it; let Z ⊂ Xδ be an orbit. Then Z 6≃ Z
′ if and only if there exists a spherical root
γ ∈ ΣZ of type B
II
r and a spherical root σ ∈ SuppΣ(γ) of type B
I
2.
Proof. By Lemma 4.4, we may assume that Z ′ possesses a spherical root γ of type
B
I
r or of type G
I
2. Since S ∩ Σ = ∅, it is uniquely determined a spherical root
σ ∈ SuppΣ(γ) which is of type B
I
s (with 2 6 s 6 r) in the first case and of type G
I
2
in the second case. Since M is strict, the latter cannot happen; thus we are in the
first case.
Suppose that s > 2 and 2γ ∈ ΣZ ; let β ∈ S be the short root in the support of
σ. Since M is strict, β moves a color Dβ ∈ ∆, while s > 2 implies c(Dβ , τ) > 0
for every τ ∈ Σ: therefore {Dβ} is distinguished and by the faithfulness of δ we
get Dβ ∈ Supp∆(δ), which implies β 6∈ S
p(Y ). But this is a contradiction since
2γ ∈ ΣZ implies β ∈ S
p(Z) ⊂ Sp(Y ). 
If σ ∈ Σ is a spherical root of type BI2, write σ = α
♯
σ + α
♭
σ, where α
♯
σ, α
♭
σ ∈ S
are respectively the long simple root and the short simple root in the support of σ.
Since M is strict, both α♯σ and α
♭
σ move exactly one color; set ∆(α
♯
σ) = {D
♯(σ)}
and ∆(α♭σ) = {D
♭(σ)}.
Lemma 5.2. Let M be a strict wonderful variety and let δ be a faithful divisor on
it; let σ ∈ Σ be a spherical root of type BI2.
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i) If D♭(σ) ∈ Supp∆(δ), then no orbit Z ⊂ Xδ possesses a spherical root
γ ∈ ΣZ of type B
II
r with σ ∈ SuppΣ(γ).
ii) If Supp∆(δ)∩{D
♯(σ), D♭(σ)} = {D♯(σ)}, then there exists an orbit Z ⊂ Xδ
such that 2σ ∈ ΣZ ; in particular Z 6≃ Z
′ and the normalization p : X˜δ → Xδ
is not bijective.
Proof. i). If Z ⊂ Xδ possesses a spherical root γ of type B
II
r supported on σ, then
α♭σ ∈ S
p(Z) ⊂ Sp(Y ). But this is a contradiction since D♭(σ) ∈ Supp∆(δ) implies
α♭σ 6∈ S
p(Y ).
ii). Consider the rank one orbit W ⊂ M whose unique spherical root is σ. If
∆(W )(α♭σ) = {
′D♭(σ)} and ∆(W )(α♯σ) = {
′D♯(σ)}, then
Supp∆(W )(δW ) ∩ {
′D♯(σ), ′D♭(σ)} = {′D♯(σ)}.
Set Z = φδ(W ) and Z
′ = p−1(Z); set ∆(δW ) ⊂ ∆(W ) the maximal distinguished
subset not intersecting the support of δW . Since c(
′D♭(σ), σ) = 0 and since ′D♯(σ)
is the unique color D ∈ ∆(W ) such that c(D, σ) > 0, we get
′D♭(σ) ∈ ∆(δW ) = {D ∈ ∆(W ) : c(D, σ) = 0}r Supp∆(W )(δW )
which shows ΣZ′ = {σ}. On the other hand ∆(Z
′)(α♭σ) = ∅, thus Z
′ is not
spherically closed and ΣZ = {2σ}. 
Corollary 5.3. i) If M is a strict wonderful symmetric variety and if δ is a
faithful divisor on it, then the normalization p : X˜δ → Xδ is bijective.
ii) Suppose that the Dynkin diagram of G is simply laced. If M is any strict
wonderful variety for G and if δ ∈ Pic(M) is any faithful divisor, then the
normalization p : X˜δ → Xδ is bijective.
iii) If D♭(σ) ∈ Supp∆(δ) for every σ ∈ Σ of type B
I
2, then the normalization
morphism p : X˜δ → Xδ is bijective.
Proof. By the classification of symmetric varieties, we deduce that a strict wonderful
symmetric variety never possesses a spherical root of type BI2. Then all of the claims
above follow straightforward by previous lemmas. 
Another proof of Corollary 5.3 i) was given in [Ma]. Following examples show
some cases wherein the conditions of Lemma 5.1 are fulfilled:
Example 5.4. Consider the wonderful model varietyM of Spin(7), whose spherical
system is expressed by the spherical diagram
q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣
♣♣♣
♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣ ❡
Then the divisor δ = Dα2 is faithful. Consider the codimension one orbit W ⊂ M
having spherical root α2 + α3; following Proposition 4.1 and Corollary 3.7, we get
the following sequence of spherical diagrams
q q❡ q♣♣♣♣♣♣ ♣♣
♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡
φ˜δ
q q❡ q♣♣♣♣♣♣ ♣♣
♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
p
q q❡ q♣♣♣♣♣♣ ♣♣
♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣2
where the first one represents the orbitW ⊂M , the second one represents the orbit
φ˜δ(W ) ⊂ X˜δ and the third one represents the orbit φδ(W ) ⊂ Xδ.
Example 5.5. Consider the wonderful model varietyM of SO(11), whose spherical
system is expressed by the spherical diagram
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣♣ ♣
♣♣♣
♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣
❡
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Table 1. Example 5.5 , δ = Dα2 .
Maximal Minimal
Orbit in X˜δ Orbit in Xδ Σ(δZ′)Orbits Orbit
q q q q q♣♣♣♣♣♣♣ ♣♣♣♣
♣♣
❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣
❡
q q q q q♣♣♣♣♣♣
♣♣♣
♣♣
❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣
❡
{1, 2, 3, 4, 5} {1, 2, 3, 4, 5} ∅
q q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡♣♣
♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣ ❡ q q q q q♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡♣♣
♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣ ❡{1, 2, 3, 4} {1, 2, 3, 4} ∅
q q q q q♣♣♣♣♣♣ ♣♣
♣♣
♣
❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ q q q q q♣♣♣♣♣♣ ♣♣♣♣
♣
❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2
{1, 2, 4, 5} {1, 2, 4} {α4 + α5}
q q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡ q q q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡{1, 2, 3, 5} {1, 2} ∅
q q q q q♣♣♣♣♣♣ ♣♣♣♣
♣♣
❡ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ q q q q q♣♣♣♣♣♣
♣♣♣
♣♣
❡ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2
{2, 3, 4, 5} {2, 4}
{∑5
i=2 αi
}
∅ q q q q q♣♣♣♣
♣♣
♣
♣♣♣♣♣♣
❡ q q q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡ ∅
{1, 3, 4, 5}
{2, 3, 5}
Then the divisor δ = Dα2 is faithful. See Table 1 for a full list of the orbits in Xδ
and in X˜δ (for simplicity, in the table orbits in M are described by giving a subset
of its spherical root index set).
As illustrated by previous examples, main examples of strict wonderful varieties
possessing a faithful divisor δ such that the normalization p : X˜δ → Xδ is not
bijective arise from the context of wonderful model varieties (see [Lu3]); as will be
shown in the following, the case of a general strict wonderful variety substantially
follows from this special case.
Consider a strict wonderful variety M and let δ be a faithful divisor on it. Let
σ ∈ Σ be a spherical root of type BI2 and set Γ(σ) the connected component of the
Dynkin diagram of G where σ is supported. If Γ(σ) is of type B or C, number the
simple roots in Γ(σ) which are not in Sp starting from the extreme of the diagram
which contains the double link.
If {D♭σ, D
♯
σ} contains a distinguished subset, then by Lemma 5.2 we get that there
is no orbit Z ⊂ Xδ possessing a spherical root γ of type B
II
r with σ ∈ SuppΣ(γ) if
and only if D♭σ ∈ Supp∆(δ). For instance, this is the case if one of the following
conditions is fulfilled:
- Γ(σ) is of type B or C and σ is the unique spherical root supported on α2;
- Γ(σ) is of type C and 2α2 ∈ Σ.
Suppose that {D♭σ, D
♯
σ} does not contain any distinguished subset. If Γ(σ) 6= F4,
then there exists τ ∈ Σ supported on α2 different both from σ and from 2α2; by
a case-by-case check, it turns out that either τ has support of type A2 or Γ(σ) is
of type C and τ has support of type A1 × A1. Thus the spherical diagram of M in
Γ(σ) has one of the following shapes:
(B1) q q❡ ❡♣♣♣♣
♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣
❡
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(B2) q q❡ ❡♣♣♣♣♣
♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣ ❡
(C1) q q❡ ❡♣♣♣♣
♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣♣♣♣♣♣ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
(C2) ❡ ❡q q q q❡ ❡♣♣♣♣
♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣
♣♣♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
(F1) q q q q♣♣♣♣♣
♣
♣♣♣♣♣
❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣ ❡ ❡♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣
(F2) q q q q♣♣♣♣♣
♣♣
♣♣
♣♣♣
❡ ❡ ❡ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
(F3) q q q q♣♣♣♣♣
♣
♣♣♣
♣♣
❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣
❡
❡
Suppose that we are not in case C2 and that Γ(σ) is not of type F4: then we are
substantially reduced to the case of a wonderful model variety. Letm(σ) > 3 be the
first integer such that the simple root αm(σ) occurs in the support of one and only
one spherical root with support of type A2. For 1 6 k 6 m(σ), set ∆(αk) = {Dk};
set ∆(σ) = {D1, . . . , Dm(σ)} and define ∆(σ)
even,∆(σ)odd ⊂ ∆(σ) as the subsets
whose element index is respectively even and odd.
Lemma 5.6. Let M be a strict wonderful variety possessing a spherical root σ of
type BI2 such that the spherical diagram of M in Γ(σ) is of type B1; let δ be a faithful
divisor on M . Then there does not exist any orbit Z ⊂ Xδ possessing a spherical
root γ of type BIIr with σ ∈ SuppΣ(γ) if and only if D1 ∈ Supp∆(δ) or the following
conditions are both satisfied:
i) Supp∆(δ) ∩∆(σ)
even = ∅;
ii) If M possesses a spherical root supported on αm(σ)+1, then m(σ) is odd.
Proof. By Lemma 5.2 we may assume that Supp∆(δ) ∩ {D1, D2} = ∅. Notice
that ∆(σ)r {Dm(σ)} is distinguished and that conversely any distinguished subset
which intersects ∆(σ) contains ∆(σ)r {Dm(σ)}. Number the m(σ) spherical roots
supported on {α1, . . . , αm(σ)} from the right to the left: set σ1 = 2α1 and, if
2 6 i 6 m(σ), set σi = αi−1 + αi.
If W ⊂ M is an orbit, denote Σ′ ⊂ Σ its set of spherical roots and ∆′ its set
of colors; for 1 6 i 6 m(σ) set ∆′(αi) = {D
′
i} and set ∆
′(σ) = {D′1, . . . , D
′
m(σ)}.
Denote q : Pic(M) → Pic(W ) the pullback map and observe that q induces a
bijection between ∆(σ) and ∆′(σ). More precisely, q(Di) = D
′
i for every 1 < i 6
m(σ), while
q(D1) =
{
D′1 if 2α1 ∈ Σ
′
2D′1 if 2α1 6∈ Σ
′ :
therefore, if i 6 m(σ), δ is supported on Di if and only if δW = q(δ) is supported
on D′i.
(=⇒) Consider the codimension one orbit W whose spherical root set is Σ′ =
Σ r {σ3}; set Z = φδ(W ) and Z
′ = p−1(Z). Denote ∆∗ ⊂ ∆′ the maximal
distinguished subset of colors which does not intersect the support of δW ; since
D′1 6∈ Supp∆′(δW ) and since it is non-negative against any spherical root, we get
D′1 ∈ ∆
∗.
Suppose that i) or ii) fails. Notice that, in order to show that Z 6≃ Z ′, it is enough
to show that D′2 6∈ ∆
∗. On one hand, by Proposition 4.1 together with Corollary
3.4 this implies σ ∈ ΛZ′ : in fact c(D
′, σ) = 0 for every D′ ∈ ∆′ r {D′2, D
′
3}
and D′2 6∈ ∆
∗ implies D′3 6∈ ∆
∗. On the other hand, since D′1 ∈ ∆
∗, we get
∆(Z ′)(α1) = ∆(Z)(α1) = ∅, which implies that σ 6∈ ΛZ . Therefore, if D
′
2 6∈ ∆
∗,
then σ ∈ ΛZ′ r ΛZ and 2σ ∈ ΣZ .
Suppose first that i) fails and that D′2 ∈ ∆
∗. Then it must be either ∆′(σ)even ⊂
∆∗ or ∆′(σ) r {D′m(σ)} ⊂ ∆
∗: this follows by considering the conditions defining
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a distinguished subset only for σ1, σ2, σ4, . . . , σm(σ) and noticing that the minimal
subsets with this property which contain D′2 are {D
′
1} ∪ ∆
′(σ)even and, in case
m(σ) is even, ∆′(σ) r {D′m(σ)}. Since i) fails, the first case is not possible, while
the second case is not possible because of the faithfulness of δ: thus if i) fails it
must be Z 6≃ Z ′.
Suppose now that ii) fails and that D′2 ∈ ∆
∗: thus m(σ) is even and there exists
a spherical root σ′ supported on αm(σ)+1. Set m1 := m(σ) and notice that σ
′ has
necessarily support of type A. Set m2 > m1 + 1 the first integer such that αm2
occurs in the support of exactly one spherical root with support of type A and,
proceeding similarly, define a sequence
m1 < m2 < . . . < mk
until no spherical root is supported on αmk+1. If 1 6 j 6 mk, set ∆(αj) = {Dj}
and ∆′(αj) = {D
′
j}; if 1 6 i 6 k, set
∆i =
mi⋃
t=mi−1+1
∆(αt), ∆
′
i =
mi⋃
t=mi−1+1
∆′(αt)
(where m0 := 0). Set moreover ∆
even
i ⊂ ∆i and (∆
′
i)
even ⊂ ∆′i the subsets whose
element index t is even. Define k0 ∈ {1, . . . , k} the first integer such that mk0 is
odd or define k0 = k otherwise. Then it is easy to show that D
′
2 ∈ ∆
∗ if and only
if ∆∗ ∩∆′i = (∆
′
i)
even, for every i 6 k0: since ∆
even
k0
⊂ ∆ is distinguished, this is
impossible. Therefore if ii) fails it must be D′2 6∈ ∆
∗.
(⇐=) Set M ′ ⊂ M the G-stable prime divisor associated to the spherical root
σ1 and set W ⊂ M
′ the open orbit. If Z ⊂ Xδ is an orbit possessing a spherical
root γ of type BIIr with σ ∈ SuppΣ(γ), then σ1 6∈ Σ(Z): in fact no spherical root
supported on α1 is compatible with γ. Therefore by Proposition 4.5 such an orbit
is necessarily contained in φδ(M
′) and, in order to prove the claim, it is enough to
show that it is true for any orbit which is contained in φδ(M
′). Set ∆∗ ⊂ ∆′ the
maximal distinguished subset which does not intersect the support of δW .
Suppose that both i) and ii) hold. Then ∆′(σ)even is distinguished and by i) it
follows that ∆′(σ)even ⊂ ∆∗. Observe that ∆∗ ∩∆′(σ)odd = ∅: in fact otherwise
it should be ∆′(σ) r {D′1, D
′
m(σ)} ⊂ ∆
∗, which contradicts the faithfulness of δ.
Therefore ∆∗∩∆′(σ) = ∆′(σ)even and we get σ 6∈ Σ(φδ(W )): in fact, sinceD
′
3 6∈ ∆
∗,
a spherical root γ ∈ Σφδ(W ) with support of type Br is necessarily a multiple of
σ, and this cannot happen since c(D′2, σ) = 1. To conclude, it is enough to notice
that, if Z ⊂ φδ(M
′) is any orbit, then Σ(Z) ⊂ Σ(φδ(W )). 
Corollary 5.7. Let M be a strict wonderful variety possessing a spherical root σ
of type BI2 such that the spherical diagram of M in Γ(σ) is of type B2; let δ be a
faithful divisor on M . Then there does not exist any orbit Z ⊂ Xδ possessing a
spherical root γ of type BIIr with σ ∈ SuppΣ(γ) if and only if D1 ∈ Supp∆(δ).
Proof. Let M ′ be the wonderful variety whose spherical system is the same one of
M with one further spherical root 2α1: then M is identified with a G-stable prime
divisor of M ′ and the spherical diagram of M ′ in Γ(σ) is of the type considered in
previous lemma. Denote Σ′ and ∆′ the set of spherical roots and the set of colors of
M ′; observe that the pullback map q : Pic(M ′)→ Pic(M) induces an isomorphism
between the sublattices generated by ∆r{Dα1} and ∆
′
r{D′α1}. If D1 ∈ Supp∆(δ)
then the claim follows by Lemma 5.2; thus we may assume D1 6∈ Supp∆(δ) and we
may identify δ with a divisor δ′ on M ′ which is still faithful.
If Z ⊂ φδ′ (M
′) is an orbit possessing a spherical root γ of type BIIr with σ ∈
SuppΣ(γ), then 2α1 6∈ Σ
′(Z) and by Proposition 4.5 we get Z ⊂ Xδ = φδ′(M):
therefore such an orbit exists in Xδ if and only if it exists in φδ′ (M
′) and we can
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apply previous lemma. In order to get the claim it is enough to observe that if
condition ii) of Lemma 5.6 holds, then (in the notations of that lemma) ∆(σ)even =
q(∆′(σ)even) ⊂ ∆ is distinguished: thus Supp∆(δ)∩∆(σ)
even 6= ∅ and consequently
i) fails. 
If they are defined, set
eσ(δ) = min{k 6 m(σ) : Dk ∈ Supp∆(δ) ∩∆(σ)
even},
oσ(δ) = min{k 6 m(σ) : Dk ∈ Supp∆(δ) ∩∆(σ)
odd}.
Lemma 5.8. Let M be a strict wonderful variety possessing a spherical root σ
of type BI2 such that the spherical diagram of M in Γ(σ) is of type C1; let δ be a
faithful divisor on M . Then there does not exist any orbit Z ⊂ Xδ possessing 2σ
as a spherical root if and only if the following conditions are both satisfied:
i) Supp∆(δ) ∩∆(σ)
even 6= ∅;
ii) If Supp∆(δ) ∩∆(σ)
odd 6= ∅, then oσ(δ) > eσ(δ)− 1.
Proof. Notice that if m(σ) is even then ∆(σ)odd is distinguished, while if m(σ) is
odd then ∆(σ)even is distinguished: thus at least one between eσ(δ) and oσ(δ) is
well defined. By Lemma 5.2, we may suppose min{eσ(δ), oσ(δ)} > 2. Number the
m(σ) − 1 spherical roots supported on {α1, . . . , αm(σ)} from the right to left: if
i < m(σ), set σi = αi + αi+1.
If W ⊂ M is an orbit , denote Σ′ ⊂ Σ its set of spherical roots and ∆′ its set
of colors; for 1 6 i 6 m(σ) set ∆′(αi) = {D
′
i} and set ∆
′(σ) = {D′1, . . . , D
′
m(σ)}.
Denote q : Pic(M) → Pic(W ) the pullback map and observe that q induces a
bijection between ∆(σ) and ∆′(σ). Since q(Di) = D
′
i for every i 6 m(σ), δ is
supported on Di if and only if δW = q(δ) is supported on D
′
i.
(=⇒) Suppose that oσ(δ) is defined and, in case eσ(δ) is defined too, suppose
that oσ(δ) < eσ(δ)− 1: this implies oσ(δ) < m(σ), since otherwise ∆(σ)
even would
be distinguished and it would be eσ(δ) < oσ(δ). Consider the orbit W ⊂M whose
spherical roots are σ1, . . . , σj ; set Z = φδ(W ) and Z
′ = p−1(Z). Then the maximal
distinguished subset of ∆′ which does not intersect the support of δW is
∆∗ = ∆′ r
(
∆′(σ)odd6j+2 ∪ Supp∆′(δW )
)
,
which by hypothesis contains ∆′(σ)even6j+1 (where the notations are the obvious ones);
thus ∆∗ ∩ {D′1, D
′
2, D
′
3} = {D
′
2}. Since c(D
′, σ) = 0 for every D′ ∈ ∆′ r {D′1, D
′
3},
by Proposition 4.1 together with Corollary 3.4 we get σ ∈ ΛZ′ . On the other hand,
D′2 ∈ ∆
∗ implies ∆(Z)(α2) = ∅: since Z is spherically closed, we get then σ 6∈ ΣZ
and 2σ ∈ ΣZ .
(⇐=) Suppose that eσ(δ) is defined and, in case oσ(δ) is defined too, suppose
that oσ(δ) > eσ(δ)−1. Fix an orbitW ⊂M , set Z = φδ(W ) and Z
′ = p−1(Z). We
may assume that σ ∈ Σ′, since otherwise there is nothing to prove. Set ∆∗ ⊂ ∆′
the maximal distinguished subset which does not intersect the support of δW and
notice that 2σ ∈ ΣZ if and only if ∆
∗ ∩ {D′1, D
′
2, D
′
3} = {D
′
2}. Such condition does
not hold if σ2 6∈ Σ
′ or if σ3 6∈ Σ
′, since then it would be D′1 ∈ ∆
∗; thus we may
assume that Σ′ ⊃ {σ1, σ2, σ3}.
Set k < m(σ) the maximum such that σi ∈ Σ
′ for every i 6 k. By considering
the conditions defining a distinguished set only for σ1, . . . , σk it follows that, if
D′2 ∈ ∆
∗, then either ∆′(σ)6k ⊂ ∆
∗ or ∆′(σ)even6k+1 ⊂ ∆
∗. If we are in the first case,
then we are done; suppose we are in the second case. Then it must be eσ(δ) > k+1
and, by the hypothesis, we get oσ(δ) > k. Since it is distinguished and it does not
intersect the support of δW , we get then ∆
′(σ)6k ⊂ ∆
∗: therefore the condition
∆∗ ∩ {D′1, D
′
2, D
′
3} = {D
′
2} is not satisfied whenever conditions i) and ii) hold and
the claim follows. 
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Combining together Lemma 5.6, Corollary 5.7 and Lemma 5.8, we get the fol-
lowing theorem (the cases wherein the spherical diagram of M in Γ(σ) is of type
C2, F1, F2 or F3 are easily treated directly).
Theorem 5.9. Let M be a strict wonderful variety and let δ be a faithful divisor
on it. Then the normalization p : X˜δ → Xδ is bijective if and only if the following
conditions are fulfilled, for every spherical root σ ∈ Σ of type BI2:
i) If the spherical diagram of M in Γ(σ) is of type B1, then D♭(σ) ∈ Supp∆(δ)
or the following conditions are both satisfied:
– Supp∆(δ) ∩∆(σ)
even = ∅;
– If M possesses a spherical root supported on αm(σ)+1, then m(σ) is
odd.
ii) If the spherical diagram ofM in Γ(σ) is of type B2, then D♭(σ) ∈ Supp∆(δ).
iii) If the spherical diagram of M in Γ(σ) is of type C1, then the following
conditions are both satisfied
– Supp∆(δ) ∩∆(σ)
even 6= ∅;
– If Supp∆(δ) ∩∆(σ)
odd 6= ∅, then oσ(δ) > eσ(δ)− 1.
iv) Otherwise, if D♯(σ) ∈ Supp∆(δ), then D
♭(σ) ∈ Supp∆(δ) as well.
6. Bijectivity in the non-strict case.
Keeping the notations of previous sections, suppose that M is not strict and let
δ =
∑
∆ n(δ,D)D be a faithful divisor on M . Suppose that Z ⊂ Xδ is an orbit
such that Σ(δZ) contains a non-simple spherical root γ. Following examples show
that, unlike from the strict case (Lemma 5.1), γ may be as well of type GI2 and, in
case γ is of type BIr, then it does not necessarily come from a spherical root of type
B
I
2.
Example 6.1. Consider the wonderful variety M whose spherical system is ex-
pressed by the spherical diagram
q
❡
❡
q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡
❡
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
Then the divisor δ = D+α1 is faithful. Consider the codimension one orbit W ⊂ M
whose spherical roots are α2 and α2 + α3; following Proposition 4.1 and Corollary
3.7, we get the sequence of spherical diagrams
❡q q q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
φ˜δ
❡q q q♣♣♣♣♣♣♣♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
p
❡q q q♣♣♣♣♣♣♣♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣2
where the first one represents the orbit W ⊂M , the second one the orbit φ˜δ(W ) ⊂
X˜δ and the third one the orbit φδ(W ) ⊂ Xδ.
Example 6.2. Consider the wonderful variety M whose spherical system is ex-
pressed by the spherical diagram
q q q q♣♣♣♣♣♣
♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
Then the divisor δ = D+α1 is faithful. See Table 2 for a full list of the orbits in X˜δ
and in Xδ (for simplicity, in the table orbits in M are described by giving a subset
of its spherical root index set).
Lemma 6.3. Suppose that M is a spherically closed wonderful variety and let
δ =
∑
∆ n(δ,D)D be a faithful divisor on it; let α ∈ S ∩ Σ.
i) If Z ⊂ Xδ is an orbit such that 2α ∈ ΣZ , then n(δ,D
+
α ) = n(δ,D
−
α ).
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Table 2. Example 6.2, δ = D+α1 .
Maximal Minimal
Orbit in X˜δ Orbit in Xδ Σ(δZ′ )Orbits Orbit
q q q q♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
q q q q♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
{1, 2, 3, 4} {1, 2, 3, 4} ∅
q q q q♣♣♣♣♣♣ ♣
♣♣♣
♣
❡
❡
❡
❡
❡
❡
❡ q q q q♣♣♣♣♣♣ ♣
♣♣♣
♣
❡
❡
❡
❡
❡
❡
❡{1, 2, 3} {1, 2, 3} ∅
q q q q♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
q q q q♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
❡
❡
{1, 3, 4} {1, 3, 4} {α4}
q q q q♣♣♣♣♣♣♣ ♣♣♣♣
♣
❡ ❡❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣ q q q q♣♣♣♣♣♣♣ ♣♣♣♣
♣
❡ ❡❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣{2, 3, 4} {2, 3, 4} ∅
q q q q♣♣♣♣♣♣ ♣
♣♣♣
♣
❡ ❡ ❡ ❡ q q q q♣♣♣♣♣♣ ♣
♣♣♣
♣
❡ ❡ ❡ ❡{1, 3} {1, 3} ∅
q q q q♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ q q q q♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2
{3, 4} {3, 4} {α3 + α4}
∅
q q q q♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡ q q q q♣♣♣
♣
♣♣
♣♣♣♣♣
❡ ❡
∅
{1, 2, 4}
{2, 3}
ii) If n(δ,D+α ) = n(δ,D
−
α ) is non-zero, then there exists an orbit Z ⊂ Xδ such
that 2α ∈ ΣZ .
Proof. Suppose that W ⊂M is an orbit with set of spherical roots Σ′ ⊂ Σ and set
of colors ∆′. If α ∈ S ∩Σ′, set ∆′(α) = { ′D+α ,
′D−α }; then by the description of the
pullback map q : Pic(M)→ Pic(W ) it follows that
n
(
δW ,
′D+α
)
= n(δ,D+α ), n
(
δW ,
′D−α
)
= n(δ,D−α ),
where δW = q(δ).
i). Let Z ⊂ Xδ be an orbit possessing 2α as a spherical root; let Z
′ = p−1(Z)
and letW ⊂M be an orbit which maps on Z. Then by Proposition 2.10 we get that
α ∈ ΣZ′ , while by Corollary 3.7 together with Theorem 3.2 we get n(δW ,
′D+α ) =
n(δW ,
′D−α ); by the remark at the beginning of the proof this implies the thesis.
ii). Consider the rank one orbit W whose unique spherical root is α, set Z =
φδ(W ) and Z
′ = p−1(Z). Then α ∈ ΣZ′ is a loose spherical root and by the remark
at the beginning of the proof we get n(δZ′ ,
′D+α ) = n(δZ′ ,
′D−α ), where δZ′ is the
pullback of a hyperplane section and where ∆(Z ′) is identified with a subset of
∆(W ). Then by Corollary 3.7 we get that 2α ∈ ΣZ . 
Suppose that α ∈ S ∩Σ. As shown by Example 6.2, if n(δ,D+α ) = n(δ,D
−
α ) = 0,
then it may not exist any orbit Z ⊂ Xδ possessing 2α as a spherical root; conversely,
if there exists such an orbit, it may be as well n(δ,D+α ) = n(δ,D
−
α ) = 0.
As a corollary of previous lemma, we get the following sufficient conditions.
Corollary 6.4. Suppose that M is a spherically closed wonderful variety and let
δ =
∑
∆ n(δ,D)D be a faithful divisor on it.
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i) If there exists α ∈ S ∩ Σ such that n(δ,D+α ) = n(δ,D
−
α ) is non-zero, then
the normalization p : X˜δ → Xδ is not bijective.
ii) If the Dynkin diagram of G is simply laced and if n(δ,D+α ) 6= n(δ,D
−
α ) for
every α ∈ S ∩ Σ, then the normalization p : X˜δ → Xδ is bijective.
Reasoning as in Lemma 5.2 and in Corollary 5.3, other sufficient conditions of
bijectivity can be obtained imposing further conditions on the support of δ on the
multiple links of the Dynkin diagram of G and on the simple spherical roots of M .
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